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ABSTRACT
Chiral symmetry restoration of quarks is investigated at finite density in quan-
tum chromodynamics. The effective quark mass is calculated with the Schwinger-
Dyson equation in the real-time formalism without the instantaneous exchange ap-
proximation. We present some properties of the quark mass functions and the quark
propagator at zero temperature.
2§1. Introduction
Evaluation of chiral phase transitions at finite density in quantum chromody-
namics (QCD) is difficult task. In order to study the chiral phase transitions, one
of useful tools is the Schwinger-Dyson equation (SDE)[1,2], which can evaluate non-
perturbative phenomena.
In the previous papers[3,4,5], we formulated the SDE in the real-time formal-
ism (RTF) for QED and QCD without the instantaneous exchange approximation
(IEA)[6]. The RTF, which is formulated in Minkowski space, can evaluate non-
equilibrium systems. In our method, the resonance contributions in momentum
integration in Minkowski space are efficiently evaluated.
In Ref.[5], we found that the critical temperature TC, in which the chiral sym-
metry is restored at zero chemical potential, is TC ≃ ΛQCD/2. Furthermore, the
effective quark mass evaluated at the resonance peak of an effective quark propaga-
tor is given asMq ≃ ΛQCD. Here ΛQCD denotes the QCD scale parameter. Therefore,
ΛQCD ≃ 0.32GeV gives reasonable result for the effective quark mass as well as the
critical temperature for the chiral phase transition.
In this paper, we study properties of the quark mass function with the SDE in
the RTF beyond the IEA for finite density at zero temperature, which corresponds
to a high density matter at low temperature, such as internal structure of neutron
stars.
In section 2, we present formula for the SDE in the RTF without the IEA. In
section 3, some numerical results for the effective quark mass are calculated. In order
to investigate instability of the massive quark state, we evaluate time dependences
of the effective quark propagator. Section 4 is devoted to the summary and some
comments.
§2. SDE for quark mass function
In the RTF, we implement two types of fields specified by 1 and 2 in the theory.
The type-1 field is the usual field and the type-2 field corresponds to a ghost filed in
the heat bath.
In one-loop order, we calculate the 1-1 component of a self-energy of quark
Σ11(P ) in QCD , which is given by
−iΣ11(P ) = (igs)
2CF
∫
d4q
(2π)4
γµiS11(Q)Γ νiD11µν(K), (2.1)
where S11(Q) andD11µν(K) are the 1-1 components of thermal propagators for a quark
with momentum Q = (q0,q) and a gluon with momentum K = P − Q = (k0,k),
respectively. An external momentum of the quark is denoted by P = (p0,p). In
our formulation, the time evolution of the system is generated with an operator
Hˆ ′ = Hˆ − µNˆ . Here Hˆ and Nˆ denote a hamiltonian and a number operator of
the quark, respectively. The energy eigenvalues for Hˆ ′ are denoted by p0 and q0.
In our calculation, the quark-gluon vertex is defined by Γ ν = γν with the gamma
matrices γν . The strong coupling constant and the color factor are denoted by gs
3and CF = 4/3, respectively.
The 1-1 component of the quark propagator in the RTF is given as
iS11(Q) = i [(SF(Q))R + i(SF(Q))INF(µ, q0)] , (2.2)
where NF(µ, q0) = ǫ(q0 + µ)ǫ(q0) with a chemical potential µ at zero temperature,
in which we define ǫ(z) = θ(z)− θ(−z) with the step function θ(z). Here, (SF(Q))R
and (SF(Q))I are the real and imaginary parts of the quark propagator SF(Q), re-
spectively. The quark propagator SF(Q) is defined as
iSF(Q) ≡ i(Q/ + γ
0µ+M(Q))IF(Q). (2.3)
with
IF(Q) =
1
(q0 + µ)2 − q2 −M2(Q) + iε
. (2.4)
The 1-1 component of the gluon propagator is given as
iD11µν(K) = iDFµν(K) = i [(DFµν(K))R + i(DFµν(K))I] , (2.5)
where
iDFµν(K) ≡ P
L
µνiDL(K) + P
T
µνiDT(K) (2.6)
with
PLµν = −gµν +
KµKν
K2
− PTµν (2.7)
and
PTµν =
(
−gµν +
KµKν
k2
)
(1− δ0µ)(1− δ0ν), (2.8)
where the longitudinal and transverse components of the gluon propagator are given
as
iDL(K) =
i
K2 −m2L + iε
(2.9)
and
iDT(K) =
i
K2 −m2T + iε
, (2.10)
respectively. Here, mL and mT denote the longitudinal and transverse gluon masses,
respectively.
Integrating over the azimuthal angle of the quark momentum q, the trace of the
self-energy Σ11 is given by
M11(P ) ≡
1
4
Tr[Σ11(P )] = −
iCF
2π2
∫ Λ0
−Λ0
dq0
∫ Λ
δ
dq
q
p
αs[MI11J11](P,Q) (2.11)
4with p = |p|,q = |q|, and αs = g
2
s /(4π),
∗) where,
MI11 = (MIF)R + i(MIF)INF(µ, q0) (2.12)
and
J11 = (JF)R + i(JF)I. (2.13)
with
JF =
∫ η+
η−
dkk [DL(K) + 2DT(K)] (2.14)
with η± = |p± q| and k = |k|, respectively.
The real partMR and the imaginary partMI of the massM in Eq.(2·3) are given
by MR = (M
11)R and MI = (M
11)I/NF(µ, q0),respectively. On the other hand, the
real part (M2)R and the imaginary part (M
2)I of the mass M
2 in Eq.(2·4) are given
by (M2)R = (MR)
2 − (MI)
2 and (M2)I = 2MRMI,respectively.
In Minkowski space, if the imaginary part of the mass function (M2)I is small,
the quark propagator IF in Eq.(2·4) varies rapidly near (q0 + µ)
2 − q2 ≃ (M2)R. As
implemented in the previous works [4,5,6], we divide the q0 integration into small
ranges and integrate the quark propagator over q
(l)
0 ≤ q0 ≤ q
(l+1)
0 (q
(1)
0 = −Λ0, q
(N)
0 =
Λ0), in which remaining contributions of the integrand are averaged over the range
q
(l)
0 ≤ q0 ≤ q
(l+1)
0 .
In order to investigate instability of the massive quark state, we evaluate time
dependences of the quark propagator
iS˜F(x0,p) =
∫
d3xiSF(x0,x)e
−ix·p (2.15)
with
iSF(x0,x) =
∫
d4Q
(2π)4
iSF(Q)e
−i(x0q0−x·q), (2.16)
where x0 and x denote a time and a space coordinates, respectively.
Integrating over q, the quark propagator iS˜F(x0,p) is given as
iS˜F(x0,p) =
∫
dq0
2π
iSF(Q˜)e
−ix0q0 (2.17)
with Q˜ = (q0,p). We separate iS˜F(x0,p) as
iS˜F(x0,p) = iS˜
(+)
F (x0,p) + iS˜
(−)
F (x0,p) (2
.18)
with
iS˜
(±)
F (x0,p) = ±
∫
dq0
2π
i(Q˜/ + γ0µ+M(Q˜))
(q0 + µ)∓ E(Q˜)
1
2E(Q˜)
e−ix0q0 , (2.19)
∗) In numerical calculations, the strong coupling constant αs is replaced by the running coupling
constant αs(t) = g
2
s (t)/(4pi)[7] with t = log[(P¯
2 + Q¯2 + µ2)/Λ2QCD],where P¯
2 = p20 + p
2 and Q¯2 =
q20 + q
2.
5where E is the quark energy. The real and imaginary parts of the quark energy
ER and EI are defined by ER = |E| cos(Φ/2) and EI = |E| sin(Φ/2) with Φ =
arctan((E2)I/(E
2)R) and |E| =
√
|E2| = ((E2)2R + (E
2)2I )
1/4. Here the real and
imaginary parts of the squared quark energy E2 are defined as (E2)R = p
2+ (M2)R
and (E2)I = (M
2)I − ε, respectively.
Here, iS˜
(±)
F are further written by
iS˜
(±)
F (x0,p) = ±iγ0
∫
dq0
2π
1
2E(Q˜)
e−ix0q0 + iS¯
(±)
F (x0,p) (2
.20)
with
iS¯
(±)
F (x0,p) = ±
∫
dq0
2π
i(Q¯/± +M(Q˜))
(q0 + µ)∓ E(Q˜)
1
2E(Q˜)
e−ix0q0 , (2.21)
where Q¯± = (±E,p). Here the first terms in Eq.(2·20) are canceled in iS˜F(x0,p).
Using
1
(q0 + µ)− E(Q˜)
e−ix0q0 = −i
∫ x0
−∞
dy0e
−iq0y0−i(E(Q˜)−µ)(x0−y0) (2.22)
for EI < 0 and
1
(q0 + µ)− E(Q˜)
e−ix0q0 = i
∫
∞
x0
dy0e
−iq0y0−i(E(Q˜)−µ)(x0−y0) (2.23)
for EI > 0, the quark propagator iS¯
(+)
F (x0,p) is given as
iS¯
(+)
F (x0,p) =
∫
dq0
2π
∫ x0
−∞
dy0
(Q¯/+ +M(Q˜))
2E(Q˜)
e−iy0q0−i(E(Q˜)−µ)(x0−y0) (2.24)
for EI < 0 and
iS¯
(+)
F (x0,p) = −
∫
dq0
2π
∫
∞
x0
dy0
(Q¯/+ +M(Q˜))
2E(Q˜)
e−iy0q0−i(E(Q˜)−µ)(x0−y0) (2.25)
for EI > 0, respectively.
Similarly using
1
(q0 + µ) + E(Q˜)
e−ix0q0 = i
∫
∞
x0
dy0e
−iq0y0+i(E(Q˜)+µ)(x0−y0) (2.26)
for EI < 0 and
1
(q0 + µ) + E(Q˜)
e−ix0q0 = −i
∫ x0
−∞
dy0e
−iq0y0+i(E(Q˜)+µ)(x0−y0) (2.27)
for EI > 0, the quark propagator iS¯
(−)
F (x0,p) is given as
iS¯
(−)
F (x0,p) =
∫
dq0
2π
∫
∞
x0
dy0
(Q¯/− +M(Q˜))
2E(Q˜)
e−iy0q0+i(E(Q˜)+µ)(x0−y0) (2.28)
6for EI < 0 and
iS¯
(−)
F (x0,p) = −
∫
dq0
2π
∫ x0
−∞
dy0
(Q¯/− +M(Q˜))
2E(Q˜)
e−iy0q0+i(E(Q˜)+µ)(x0−y0) (2.29)
for EI > 0, respectively.
§3. Numerical results
In this section, some numerical results are presented. We solve the SDE pre-
sented in Eq. (2·11) by a recursion method starting from a constant mass at µ = 0.
∗)
For each iteration, the mass function is normalized by a current quark mass at
large ζ2 = p20 − p
2, in which perturbative calculations are reliable.
In the iteration, the mass function M(p0, p) in integrand of the SDE is replaced
by the renormalized one obtained by the previous iteration. ∗∗)
In this paper, we evaluate integrated mass functions 〈|M |〉, 〈MR〉 and 〈MI〉 as
order parameters, in which |M(p0, p)|,MR(p0, p) and MI(p0, p) are integrated over
p0 and p, respectively.[5]
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Fig. 1. The µ dependences of the integrated quark mass functions 〈|M |〉 with ΛQCD =
0.30 GeV,0.32 GeV,0.35 GeV and 0.40 GeV, respectively, with the massless gluon.
In Fig.1, the µ dependences of 〈|M |〉 for ΛQCD = 0.30 GeV, 0.32 GeV, 0.35 GeV
and 0.40 GeV with the massless gluon are presented at T = 0. The transition of
the chiral symmetry restoration seems to be the first order. The critical chemical
∗) The initial input parameters are MR = ΛQCD and MI = 0 at µ = 0 with Λ0 = Λ = 10ΛQCD
and δ = 0.1ΛQCD with ε = 10
−6. In evaluation of the quark mass function at µ+∆µ, we implement
the solution of M obtained at µ as the initial input.
∗∗) We take the renormarized mass m(ζ2) = 0 at ζ = 10ΛQCD.
7potential of the phase transition µC depends on the QCD parameter ΛQCD. In our
calculation, 0.30 GeV ≤ ΛQCD ≤ 0.40 GeV gives 0.27 GeV ≤ µC ≤ 0.36 GeV,
roughly µC ∼ 0.9ΛQCD.
In order to choose the QCD parameter ΛQCD, we need another condition. Our
model roughly gives the real part of the squared quark mass function (M2)R ≃ Λ
2
QCD
at µ = T = 0. Here, (M2)R is determined by the resonance peak of the quark
propagator. In our calcularion, ΛQCD = 0.32 GeV gives
√
(M2)R ≃ 0.32 GeV
at T = µ = 0 and the critical temperature of the chiral symmetry restoration
TC ≃ 0.175 GeV with µ = 0. [5]
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Fig. 2. The µ dependences of the integrated quark mass functions 〈|M |〉,〈MR〉 and 〈MI〉 at ΛQCD =
0.32 GeV with the massless gluon.
In Fig.2, the µ dependences of the integrated quark mass functions 〈|M |〉, 〈MR〉
and 〈MI〉 with the massless gluon are presented at ΛQCD = 0.32 GeV, which gives
µC ≃ 0.29 GeV.
As shown in Fig.2, the imaginary part of the mass function 〈MI〉 is non-zero value
for broken chiral symmetric phase below the critical chemical potential µC, which
means the massive quark state may be unstable if energy scale rapidly changes. Fur-
thermore, the real and imaginary parts vanish at the same critical chemical potential.
In order to investigate instability of the massive quark state, we calculate a time
dependence of the quark propagator iS¯
(+)
F (x0,p) in Eq.(2 · 21),which is separated as
iS¯
(+)
F (x0,p) = γµiS
µ
+(x0,p) + iS
M
+ (x0,p) (3.1)
with
iSµ+(x0,p) = i
∫
dq0
2π
Q¯µ+
(q0 + µ)− E(q0, p)
1
2E(q0, p)
e−ix0q0 (3.2)
8and
iSM+ (x0,p) = i
∫
dq0
2π
M(q0, p)
(q0 + µ)− E(q0, p)
1
2E(q0, p)
e−ix0q0 . (3.3)
From Eqs.(2·24) and (2·25), the real and imaginary parts of iSµ+(x0,p) and iS
M
+ (x0,p)
are given as
Re
[
iSµ+(x0,p)
]
=
∫ x0
−xM
dy0
∫ Λ0
−Λ0
dq0
2π
|Q¯µ+|
2|E(q0, p)|
cos(Ψµ)eEI(q0,p)(x0−y0)θ(−EI(q0, p))
−
∫ xM
x0
dy0
∫ Λ0
−Λ0
dq0
2π
|Q¯µ+|
2|E(q0, p)|
cos(Ψµ)eEI(q0,p)(x0−y0)θ(EI(q0, p)) (3.4)
and
Im
[
iSµ+(x0,p)
]
= −
∫ x0
−xM
dy0
∫ Λ0
−Λ0
dq0
2π
|Q¯µ+|
2|E(q0, p)|
sin(Ψµ)eEI(q0,p)(x0−y0)θ(−EI(q0, p))
+
∫ xM
x0
dy0
∫ Λ0
−Λ0
dq0
2π
|Q¯µ+|
2|E(q0, p)|
sin(Ψµ)eEI(q0,p)(x0−y0)θ(EI(q0, p)), (3.5)
with
Ψµ = q0y0 + (ER(q0, p)− µ)(x0 − y0) + Φ
µ
Q − Φ/2 (3
.6)
for iSµ+(x0,p), and
Re
[
iSM+ (x0,p)
]
=
∫ x0
−xM
dy0
∫ Λ0
−Λ0
dq0
2π
|M(q0, p)|
2|E(q0, p)|
cos(ΨM)eEI(q0,p)(x0−y0)θ(−EI(q0, p))
−
∫ xM
x0
dy0
∫ Λ0
−Λ0
dq0
2π
|M(q0, p)|
2|E(q0, p)|
cos(ΨM)eEI(q0,p)(x0−y0)θ(EI(q0, p)) (3.7)
and
Im
[
iSM+ (x0,p)
]
= −
∫ x0
−xM
dy0
∫ Λ0
−Λ0
dq0
2π
|M(q0, p)|
2|E(q0, p)|
sin(ΨM)eEI(q0,p)(x0−y0)θ(−EI(q0, p))
+
∫ xM
x0
dy0
∫ Λ0
−Λ0
dq0
2π
|M(q0, p)|
2|E(q0, p)|
sin(ΨM)eEI(q0,p)(x0−y0)θ(EI(q0, p)), (3.8)
with
ΨM = q0y0 + (ER(q0, p)− µ)(x0 − y0) + ΦM − Φ/2 (3.9)
9for iSM+ (x0,p),respectively.
∗) Here, ΦµQ and ΦM are defined as
Φ0Q = Φ/2 (3.10)
and
ΦiQ = πθ(−p
i) (3.11)
for i = 1, 2, 3, and
ΦM = arctan
MI
MR
, (3.12)
respectively. In our calculations, we set the momentum p as p = (p1, p2, p3) =
(0, 0, p)
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Fig. 3. The x0 dependences of the quark propagator Re
[
iSk+(x0, δ)
]
with µ = 0.0 GeV and p =
δ = 0.1ΛQCDfor k = 0, 3, M,respectively, at ΛQCD = 0.32 GeV with the massless gluon. The
dotted curve denotes the quark propagator Re [iS0(x0, δ)] for EI < 0
In Fig.3, the real part of iSk+(x0,p) with p = δ = 0.1ΛQCD for k = 0, 3, M,respectively,
are presented at ΛQCD = 0.32 GeV and µ = 0.0 GeV with the massless gluon. We
can see that iS0+(x0, δ) ≃ iS
M
+ (x0, δ) ≫ iS
3
+(x0, δ), since |E| ≃ |M | ≫ δ. As shown
in Fig.3, the amplitude of the quark propagator decreases as increasing x0, which
means the imaginary part of the quark energy EI plays a role of decay constant. The
dotted curve denotes the quark propagator Re
[
iSM+ (x0, δ)
]
for EI < 0. Therefore,
the contribution from EI > 0 is not significant for the time evolution of the quark
propagator.
In Fig.4, the x0 dependences of the quark propagator Re
[
iS0+(x0, δ)
]
for µ =
0.0 GeV, 0.1 GeV and 0.2 GeV,respectively, are presented at ΛQCD = 0.32 GeV with
the massless gluon. As shown in Fig.4, the wavelength is longer as µ increases due
to the term (ER − µ)x0 of the phase Ψ
0 in Eq.(3·6).
∗) xM is taken as xM = 10xmax. Here, xmax is an maximum value of the plot for x0.
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Fig. 4. The x0 dependences of the quark propagator Re
[
iS0+(x0, δ)
]
for µ = 0.0 GeV, 0.1 GeV and
0.2 GeV,respectively, at ΛQCD = 0.32 GeV with the massless gluon.
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Fig. 5. The a dependences on µC with the gluon masses defined by mT = 0 and mL = aΛQCD
with ΛQCD = 0.30 GeV,0.32 GeV,0.35 GeV and 0.40 GeV, respectively.
In Fig.5, the gluon mass dependences are presented for different values of ΛQCD
with ΛQCD = 0.30 GeV,0.32 GeV,0.35 GeV and 0.40 GeV, respectively. The gluon
masses are defined as mT = 0 and mL = aΛQCD with a parameter a. Though the
critical chemical potential µC depends on the gluon mass, the gluon mass dependence
on the effective quark mass seems to be weaker for larger gluon mass.
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§4. Summary and Comments
In this paper, we have investigated quark mass functions solved by the Schwinger-
Dyson equation (SDE) at finite density with zero temperature in the real-time for-
malism (RTF).
In our model, the critical chemical potential µC, in which the chiral symmetry
is restored, depends on the QCD scale parameter ΛQCD and the gluon masses (mL
and mT). Here,mL and mT denote the masses for a longitudinal component and a
transverse component of the gluon propagator, respectively. Our model roughly gives
the critical chemical potential for the chiral symmetry restoration µC ∼ 0.9ΛQCD at
T = 0 with a massless gluon (mL = mT = 0). The transition of the chiral symmetry
restoration seems to be the first order at T = 0.
We found that the imaginary part of the integrated mass function 〈MI〉 is non-
zero value for broken chiral symmetric phase, which means that the massive quark
state may be unstable for µ < µC. @Furthermore, the real and imaginary parts of
the integrated mass functions vanish at the same critical point.
In order to examine the effect of the imaginary part of the quark energy EI,
we calculated the time evolution of the quark propagator. The quark propagator
decreases as increasing the time, which suggests that main contribution of the imag-
inary part of the energy comes from EI < 0. The contribution from EI > 0 does not
give significant contribution for the time evolution of the quark propagator.
We also calculated the gluon mass dependence of the quark mass function with
a simple ansatz. We presented the critical chemical potential with mL = aΛQCD for
0 ≤ a ≤ 2 and mT = 0 for different values of ΛQCD. Though the critical chemical
potential decreases as increasing the gluon mass mL, the gluon mass dependence is
weaker for large mL.
Further studies are needed for the mass function in entire range of the phase
diagram, in order to know behaviors of the quark mass at strong coupling region.
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